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Math Academy Guest Lecture: Fourier Series and the 

Basel Problem

Elias Gee
The purpose of the following two lectures is to develop sufficiently the theory of Fourier series so 

that we may solve the Basel problem:

∑
∞

𝑛=1

1
𝑛2
,

and compute similar infinite sums.

Fourier series are instances of what are called trigonometric polynomials:

Definition: Trigonometric polynomials

A trigonometric polynomial is a finite sum

𝑓(𝑥) = 𝑎0 +∑
𝑁

𝑛=1
(𝑎𝑛 cos(𝑛𝑥) + 𝑏𝑛 sin(𝑛𝑥))

for complex constants 𝑎0, 𝑎1,…, 𝑎𝑁  and 𝑏1,…, 𝑏𝑛.

Using Euler’s formula, we may also write such a polynomial in the form

𝑓(𝑥) = ∑
𝑁

𝑛=−𝑁
𝑐𝑛𝑒𝑖𝑛𝑥

where the coefficients are derived as

𝑐𝑛 =

{


𝑎𝑛−𝑖𝑏𝑛

2 if 𝑛 > 0
𝑎𝑛+𝑖𝑏𝑛
2 if 𝑛 < 0

0 if 𝑛 = 0.

Notice that any trigonometric polynomial must have period 2𝜋. For two Riemann-integrable 

functions 𝑓, 𝑔 on an interval [𝑎, 𝑏], we know that their inner product is defined as

∫
𝑏

𝑎
𝑓(𝑥)𝑔(𝑥)𝑑𝑥.

Now since we are dealing with periodic functions, our interval is now [−𝜋, 𝜋].

Let’s compute some inner products of cosines and sines to develop some intuition for Fourier 

series. Firstly,

⟨cos(𝑛𝑥), cos(𝑚, 𝑥)⟩ =
{

0 if 𝑛 ≠ 𝑚
𝜋 if 𝑛 = 𝑚 ≠ 0
2𝜋 if 𝑛 = 0 = 𝑚.

(Write out the details) Similarly,
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⟨sin(𝑛𝑥), sin(𝑚𝑥) =
{

0 if 𝑛 ≠ 𝑚
𝜋 if 𝑛 = 𝑚 ≠ 0
2𝜋 if 𝑛 = 0 = 𝑚.

We also have that ⟨1, cos(𝑛𝑥)⟩ = 0 and ⟨1, sin(𝑛𝑥)⟩ = 0 for all 𝑛.

These facts tell us that if we have a trigonometric polynomial

𝑓(𝑥) = 𝑎0 +∑
𝑁

𝑛=1
(𝑎𝑛 cos(𝑛𝑥) + 𝑏𝑛 sin(𝑛𝑥)),

we find that ⟨𝑓(𝑥), cos(𝑛𝑥)⟩ = 𝜋𝑎𝑛 and ⟨𝑓(𝑥), sin(𝑛𝑥)⟩ = 𝜋𝑏𝑛. This motivates the following 

definition:

Definition: Fourier Series of a Function

Let 𝑓  be a real (or complex) valued function with period 2𝜋. Then the Fourier series of 𝑓  is the 

infinite series

𝑎0 +∑
∞

𝑛=1
(𝑎𝑛 cos(𝑛𝑥) + 𝑏𝑛 sin(𝑛𝑥))

for the constants 𝑎𝑛 = 1
𝜋⟨𝑓(𝑥), cos(𝑛𝑥)⟩ and 𝑏𝑛 = 1

𝜋⟨𝑓(𝑥), sin(𝑛𝑥)⟩. In this case we write

𝑓(𝑥) ∼∑
∞

𝑛=1
(𝑎𝑛 cos(𝑛𝑥) + 𝑏𝑛 sin(𝑛𝑥)),

but beware, this does not mean that 𝑓(𝑥) is equal to its Fourier series!

Let’s compute some examples now!

Exercise

Calculate the Fourier series of 𝑓(𝑥) = 𝑥 on the interval [−𝜋, 𝜋].

Exercise

Calculate the Fourier series of

𝑓(𝑥) = {0 if 0 ≤ 𝑥 ≤ 𝜋
1 if − 𝜋 < 𝑥 < 0

on the interval [−𝜋, 𝜋].

Fourier series are not restricted to functions with period 2𝜋. Suppose we have a (Riemann 

integrable) function of period 2𝐿. Then the arguments of our trigonometric functions become 𝑛𝜋𝑥𝐿  

and we have

𝑓(𝑥) ∼ 𝑎0 +∑
∞

𝑛=1
(𝑎𝑛 cos(

𝑛𝜋𝑥
𝐿
) + 𝑏𝑛 sin(

𝑛𝜋𝑥
𝐿
))

with 𝑎𝑛 = 1
𝐿 ∫

𝐿
−𝐿
𝑓(𝑥) cos(𝑛𝜋𝑥𝐿 )𝑑𝑥 and 𝑏𝑛 = 1

𝐿 ∫
𝐿
−𝐿
𝑓(𝑥) sin(𝑛𝜋𝑥𝐿 )𝑑𝑥.
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Note that even functions will have no sine terms, and odd functions will have no cosine terms. 

(Why?) We don’t yet know about the convergence of Fourier series, but they are in a sense the best 

approximation of a function using sines and cosines:

Theorem

Let {𝜑1, 𝜑2,…, 𝜑𝑛} be an orthonormal set of functions and {𝑐1, .., 𝑐𝑛} the Fourier coefficients 

of a piecewise continuous function 𝑓  with respect to this set (𝑐𝑖 = ∫𝑓(𝑥)𝜑𝑖(𝑥)𝑑𝑥). Taking 

𝑆𝑛(𝑥) = ∑
𝑛
𝑖=1 𝑐𝑖𝜑𝑖(𝑥) and 𝑇𝑛(𝑥) = ∑

𝑛
𝑖=1 𝑑𝑖𝜑𝑖(𝑥) for any constants {𝑑𝑖}, we have

⟨𝑓 − 𝑆𝑛, 𝑓 − 𝑆𝑛⟩ ≤ ⟨𝑓 − 𝑇𝑛, 𝑓 − 𝑇𝑛⟩.

Equality holds if and only if 𝑐𝑖 = 𝑑𝑖.

Proof: We have that

⟨𝑓 − 𝑇𝑛, 𝑓 − 𝑇𝑛⟩ = ∫
𝜋

−𝜋
[𝑓(𝑥) − 𝑇𝑛(𝑥)][𝑓(𝑥) − 𝑇𝑛(𝑥)]𝑑𝑥

= ∫
𝜋

−𝜋
[𝑓(𝑥)]2 − 2𝑓(𝑥)𝑇𝑛(𝑥) + [𝑇𝑛(𝑥)]

2𝑑𝑥.

Since {𝜑𝑖} was an orthonormal set, we have that

∫
𝜋

−𝜋
[𝑇𝑛(𝑥)]

2𝑑𝑥 = ∫
𝜋

−𝜋
[∑
𝑛

𝑖=1
𝑑𝑖𝜑𝑖(𝑥)][∑

𝑛

𝑖=1
𝑑𝑖𝜑𝑖(𝑥)] =∑

𝑛

𝑖=1
𝑑2𝑖 .

By the definition of the Fourier coefficients, we know that

2∫
𝜋

−𝜋
𝑓𝑛(𝑥)𝑇𝑛(𝑥) = 2∑

𝑛

𝑖=1
𝑐𝑖𝑑𝑖.

Thus the inner product ⟨𝑓 − 𝑇𝑛, 𝑓 − 𝑇𝑛⟩ is

∫
𝜋

−𝜋
[𝑓(𝑥)]2𝑑𝑥 − 2∑

𝑛

𝑖=1
𝑑𝑖𝑐𝑖 +∑

𝑛

𝑖=1
𝑑2𝑖 ,

which looks like a square. We manipulate to find that

⟨𝑓 − 𝑇𝑛, 𝑓 − 𝑇𝑛⟩ = ∫
𝜋

−𝜋
[𝑓(𝑥)]2𝑑𝑥 −∑

𝑛

𝑖=1
𝑐2𝑖 +∑

𝑛

𝑖=1
(𝑐𝑖 − 𝑑𝑖)

2.

Then by computing the inner product ⟨𝑓 − 𝑆𝑛, 𝑓 − 𝑆𝑛⟩, we find that it equals ∫𝜋
−𝜋
[𝑓(𝑥)]2𝑑𝑥 −

∑𝑛
𝑖=1 𝑐

2
𝑖 . Since the last term in the inner product involving 𝑇𝑛 is non-negative, we have what we 

wanted.

⬜︎

Corollary: Bessel’s Inequality

While computing inner products in the last proof, we found all we need to prove that

∑
∞

𝑖=1
𝑐2𝑖 ≤ ∫

𝜋

−𝜋
[𝑓(𝑥)]2𝑑𝑥.

(3)
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Proof: We have that

∫
𝜋

−𝜋
[𝑓(𝑥)]2𝑑𝑥 −∑

𝑛

𝑖=1
𝑐2𝑖 = ⟨𝑓 − 𝑆𝑛, 𝑓 − 𝑆𝑛⟩ ≥ 0 ∀𝑛.

Therefore

lim
𝑛→∞

∑
𝑛

𝑖=1
𝑐2𝑖 =∑

∞

𝑖=1
𝑐2𝑖 ≤ ∫

𝜋

−𝜋
[𝑓(𝑥)]2𝑑𝑥.

⬜︎

This result will be very important when we prove Parseval’s equality which allows us to calculate 

infinite sums exactly.

Initially our functions cos(𝑛𝑥) and sin(𝑛𝑥) are not orthonormal. But they are only off by a 

constant multiple, i.e.,

{ 1√
2𝜋
, cos(𝑥)√

𝜋
, sin(𝑥)√

𝜋
,…}

is an orthonormal set. Then we can relate the coefficients 𝑐𝑖 coming from this orthonormal set to the 

𝑎𝑖 and 𝑏𝑖 as

∑
∞

𝑖=1
𝑐2𝑖 = 𝜋(𝑎20 +∑

∞

𝑖=1
(𝑎2𝑖 + 𝑏2𝑖 )).

Definition: 𝑛-th partial Fourier sum

Suppose that 𝑓  is a piecewise continuous function of period 2𝜋 and

𝑓 ∼ 𝑎0 +∑
∞

𝑛=1
(𝑎𝑛 cos(𝑛𝑥) + 𝑏𝑛 sin(𝑛𝑥)),

then the 𝑛-th partial Fourier sum is 𝑆𝑛(𝑥) = 𝑎0 +∑
𝑛
𝑖=1(𝑎𝑛 cos(𝑛𝑥) + 𝑏𝑛 sin(𝑛𝑥)).

In order to study these partial sums, we make the following definition.

Definition: Dirichlet kernel of index 𝑛

The Dirichlet kernel of index 𝑛 is the function 𝐷𝑛(𝑥) defined as

𝐷𝑛(𝑥) =
1
2
+ cos(𝑥) + cos(2𝑥) + ⋯ + cos(𝑛𝑥).

Theorem: Characterization of partial Fourier sums

Let 𝑓  be a piecewise continuous function of period 2𝜋. Then

(4)
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𝑆𝑛(𝑥) =
1
𝜋
∫
𝜋

−𝜋
𝑓(𝑢)𝐷𝑛(𝑥 − 𝑢)𝑑𝑢

= 1
𝜋
∫
𝜋

−𝜋
𝑓(𝑥 − 𝑡)𝐷𝑛(𝑡)𝑑𝑡.

Proof: Homework. :)

⬜︎

Definition: 𝑛-th Cesaro sum

The 𝑛-th Cesaro sum of the function 𝑓  is defined as

𝜎𝑛(𝑥) =
𝑆0(𝑥) + 𝑆1(𝑥) + ⋯ + 𝑆𝑛(𝑥)

𝑛 + 1
,

where the 𝑆𝑖 are the partial Fourier sums.

Definition: Fejer kernel

The Fejer kernel of index 𝑛 is the function

𝐾𝑛(𝑥) =
𝐷0(𝑥) + 𝐷1(𝑥) + ⋯ +𝐷𝑛(𝑥)

𝑛 + 1
.

It has the following properties (which you can prove yourself)

1. 1
𝜋 ∫

𝜋
−𝜋
𝐾𝑛(𝑥)𝑑𝑥 = 1

2. 𝐾𝑛(𝑥) ≤ 1
(𝑛+1)(1− cos(𝛿))  for 0 < 𝛿 < |𝑥| < 𝜋.

Theorem: Uniform convergence of Cesaro sums

If 𝑓  is continuous with period 2𝜋, then 𝜎𝑛 converges uniformly to 𝑓 .

Proof: We have that

𝑆𝑛(𝑥) =
1
𝜋
∫
𝜋

−𝜋
𝑓(𝑥 − 𝑡)𝐷𝑛(𝑡)𝑑𝑡,

implying that

𝜎𝑛(𝑡) =
1
𝜋
∫
𝜋

−𝜋
𝑓(𝑥 − 𝑡)𝐾𝑛(𝑡)𝑑𝑡.

Then since 1𝜋 ∫
𝜋
−𝜋
𝐾𝑛(𝑡)𝑑𝑡 = 1, we have that 𝑓(𝑥) = 1

𝜋 ∫
𝜋
−𝜋
𝑓(𝑥)𝐾𝑛(𝑡)𝑑𝑡 (note the variables).

Now we have that

𝜎𝑛(𝑥) − 𝑓(𝑥) =
1
𝜋
∫
𝜋

−𝜋
[𝑓(𝑥 − 𝑡) − 𝑓(𝑥)]𝐾𝑛(𝑡)𝑑𝑡.

For 0 < 𝛿 < 𝜋, this is equal to

(5)
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1
𝜋
∫
−𝛿

−𝜋
[𝑓(𝑥 − 𝑡) − 𝑓(𝑥)]𝐾𝑛(𝑡)𝑑𝑡

+1
𝜋
∫
𝛿

−𝛿
[𝑓(𝑥 − 𝑡) − 𝑓(𝑥)]𝐾𝑛(𝑡)𝑑𝑡

+1
𝜋
∫
𝜋

𝛿
[𝑓(𝑥 − 𝑡) − 𝑓(𝑥)]𝐾𝑛(𝑡)𝑑𝑡.

We work to bound each of these integrals. Firstly,

1
𝜋
∫
𝜋

𝛿
|𝑓(𝑥 − 𝑡) − 𝑓(𝑥)‖𝐾𝑛(𝑡)|𝑑𝑡 ≤

1
𝜋
⋅ 1
𝑛 + 1

⋅ 1
1 − cos(𝛿)

∫
𝜋

𝛿
|𝑓(𝑥 − 𝑡) − 𝑓(𝑥)| 𝑑𝑡.

Then the continuity of 𝑓  implies that it is bounded on [−𝜋, 𝜋]. We can then say that |𝑓(𝑥 − 𝑡) −
𝑓(𝑥)| ≤ 2𝑀  for some 𝑀 . So

1
𝜋
∫
𝜋

𝛿
|𝑓(𝑥 − 𝑡) − 𝑓(𝑥)‖𝐾𝑛(𝑡)|𝑑𝑡 ≤

2𝑀
(𝑛 + 1)(1 − cos(𝛿))

.

Similarly

1
𝜋
∫
−𝛿

−𝜋
|𝑓(𝑥 − 𝑡) − 𝑓(𝑥)‖𝐾𝑛(𝑡)|𝑑𝑡 ≤

2𝑀
(𝑛 + 1)(1 − cos(𝛿))

.

Now we bound the middle integral. Since 𝑓  is continuous on a compact set, it is uniformly 

continuous (HW). So given 𝜀 > 0, there is some 𝛿 > 0 such that

|𝑓(𝑥) − 𝑓(𝑦)| < 𝜀
2

for all 𝑥, 𝑦 ∈ [−𝜋, 𝜋] with |𝑥 − 𝑦| < 𝛿. Therefore |𝑡| < 𝛿 implies |𝑓(𝑥 − 𝑡) − 𝑓(𝑥)| < 𝜀
2 . So

∫
𝛿

−𝛿
|𝑓(𝑥 − 𝑡) − 𝑓(𝑥)‖𝐾𝑛(𝑡)|𝑑𝑡 ≤

𝜀
2
∫
𝛿

−𝛿
|𝐾𝑛(𝑡)| 𝑑𝑡 ≤

𝜀
2
∫
𝜋

−𝜋
𝐾𝑛(𝑡)𝑑𝑡 =

𝜀
2
.

Then since we may take the other two integrals as small as we want, we have uniform 

convergence.

⬜︎

Theorem: Parseval’s Theorem (the main result)

Let 𝑓  be a continuous function of period 2𝜋. If 𝑓 ∼ ∑∞
𝑛=0 𝑐𝑛𝑒

𝑖𝑛𝑥 then ∑∞
𝑛=0 𝑐

2
𝑛 =

∫𝜋
−𝜋
[𝑓(𝑥)]2𝑑𝑥. Then by our earlier relationship between the 𝑐’s and 𝑎’s and 𝑏’s,

𝑎20 +∑
2

𝑛=1
(𝑎2𝑛 + 𝑏2𝑛) =

1
𝜋
∫
𝜋

−𝜋
[𝑓(𝑥)]2𝑑𝑥.

Proof: We have that ⟨𝑓 − 𝑆𝑛, 𝑓 − 𝑆𝑛⟩ ≤ ⟨𝑓 − 𝜎𝑛, 𝑓 − 𝜎𝑛⟩ for all 𝑛. But ⟨𝑓 − 𝜎𝑛, 𝑓 − 𝜎𝑛⟩ =
∫𝜋
−𝜋
[𝑓(𝑥) − 𝜎𝑛(𝑥)]

2𝑑𝑥. Since 𝜎𝑛 → 𝑓  uniformly,

lim
𝑛→∞

∫
𝜋

−𝜋
[𝑓(𝑥) − 𝜎𝑛(𝑥)]

2𝑑𝑥 = ∫
𝜋

−𝜋
lim
𝑛→∞

[𝑓(𝑥) − 𝜎𝑛(𝑥)]
2𝑑𝑥 = 0.

(6)



Elias Gee Fourier Series

Then lim𝑛→∞ ∫
𝜋
−𝜋
[𝑓(𝑥) − 𝑆𝑛(𝑥)]

2𝑑𝑥 = 0 by the squeeze theorem. And we calculated earlier 

that ∫𝜋
−𝜋
[𝑓(𝑥) − 𝑆𝑛(𝑥)]

2𝑑𝑥 = ∫𝜋
−𝜋
[𝑓(𝑥)]2𝑑𝑥 −∑𝑛

𝑖=0 𝑐
2
𝑖 . So the limit is

∫
𝜋

−𝜋
[𝑓(𝑥)]2𝑑𝑥 −∑

∞

𝑖=0
𝑐2𝑖 = 0,

which proves the theorem.

⬜︎

Now by calculating the Fourier series of 𝑓(𝑥) = 𝑥 on [−𝜋, 𝜋], we may use Parseval’s theorem to 

solve the Basel problem.
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